Abstract Structural uncertainty exists when associating sparse fault interpretations made from two-dimensional seismic lines or limited outcrop observations. Here, a graph formalism is proposed that describes the problem of associating spatial fault evidence. A combinatorial analysis, relying on this formalism, shows that the number of association scenarios is given by the Bell number, and increases exponentially with the number of pieces of evidence. As a result, the complete exploration of uncertainties is computationally highly challenging. The available prior geological knowledge is expressed by numerical rules to reduce the number of scenarios, and the graph formalism makes structural interpretation easier to reproduce than manual interpretation. The Bron-Kerbosch algorithm, which finds maximal cliques in undirected graphs, is used to detect major possible structures. This framework opens the way to a numerically assisted exploration of uncertainties during structural interpretation.
Introduction
In structural geology and geological mapping, uncertainty arises both from the sparsity and limited quality of observations (Thore et al. 2002; Wellmann et al. 2010; Jessell et al. 2010) , and from the concepts chosen for their interpretation (Bond et al. 2007 ); see Wellmann and Caumon (2018) for a recent review. Observation gaps between twodimensional seismic lines, outcrops, boreholes, or focal mechanisms are common. Freeman et al. (1990) . (e 1 , e 2 , and e 3 ) Each interpretation is represented by an association graph. Graph nodes are the pieces of fault evidence, and edges are used to indicate that two graph nodes are interpreted as part of the same fault
The geometric description of these sparse observations (for example, points, lines, or surface parts picked on geophysical images or aerial photographs) is hereafter referred to as fault evidence. Even if three-dimensional seismic data are available, image quality near faults can be poor (Botter et al. 2014 (Botter et al. , 2017 Iacopini et al. 2016; Weinzierl et al. 2016) . As a result, defining a structural architecture is often tedious and prone to uncertainty. In turn, structural uncertainty affects natural resource exploration and exploitation (Hollund et al. 2002; Julio et al. 2015a; Rivenaes et al. 2005; Richards et al. 2015; Thore et al. 2002) , waste disposal (Mann 1993; Schneeberger et al. 2017) , environmental engineering (Rosenbaum and Culshaw 2003) , and civil engineering (Zhu et al. 2003) . The observation gap is commonly addressed by the construction of several geological interpretative sections from available data, followed by deterministic threedimensional modeling (Caumon et al. 2009 ). This process typically yields a single structural model that does not capture interpretation uncertainty. Indeed, the geological concepts and the knowledge involved in the interpretation are generally not fully described, making interpretation subjective and difficult to reproduce (Bond et al. 2007 ). This paper focuses on the association of spatial fault evidence, a problem that typically occurs during the interpretation of two-dimensional seismic lines, exploration boreholes, or limited outcrop information. This is referred to as a fault correlation problem by Freeman et al. (1990) and as a fault evidence association problem in this paper (Fig. 1a-c) .
To address this challenge, the fault evidence association problem is formalized using graph theory (Sect. 2). Graph theory has previously been proposed to represent the topology of geological structures such as karsts (Collon et al. 2017) , fracture networks (Sanderson and Nixon 2015; Santiago et al. 2016; Sanderson et al. 2019; Valentini et al. 2007 ), or three-dimensional geological models (Pellerin et al. 2015; Thiele et al. 2016a, b) .
In this contribution, an unweighted undirected graph represents how pieces of fault evidence may be associated together. The proposed graph structure offers a simple representation of a structural interpretation. Each association scenario is represented by an association graph G asso , which should be built in respect to the prior structural, tectonophysical, and chronological knowledge. In the proposed approach, this prior knowledge is formulated as numerical rules that express the concepts used during structural interpretation, making structural interpretation reproducible. These rules are used to build a weighted and undirected graph G all ϕ in which all possible geologically meaningful associations for a given fault family (denoted by the index ϕ) are considered. Using a graph representation instead of a full three-dimensional numerical structural model enables one to focus on topological aspects rather than on geometric details (Thomson 2014) . One limitation is that, at this point, the graph G asso only considers how pieces of fault evidence are associated and not how fault surfaces may branch. Therefore, the current approach considers how pieces of fault evidence may be associated, both in a deterministic sense (G asso ) and in a probabilistic sense (G all ϕ ). Building these graphs relies on numerical geological rules that define the likelihood that disjoint fault evidence belongs to the same fault of the same family. Such knowledge can be derived from the literature, from regional geological knowledge, or from analog data.
In this framework, a fault surface corresponds to a clique (a subset of graph nodes that are all linked by an edge) in the graph G all ϕ of all geologically possible associations (Sect. 2). This observation makes it possible to detect the major possible structures using a maximal clique detection algorithm (Sect. 3). Overall, the knowledge of different possible interpretations has the potential to limit the risk of anchoring to a single initial interpretation (Bond 2015) .
A Theoretical Framework for Association of Fault Evidence Using
Graph Theory
Fault Evidence and Geological Knowledge
Faults are typically observed from outcrop or well data or seismic surveys, or through the inversion of focal mechanisms ( Fig. 2a-c) . The interpretation of this data is summarized by points, lines, or surfaces indicating the fault position, hereafter referred to as fault evidence ( Fig. 2d-f ). On a cross section, the local fault geometry (apparent orientation) and the observed fault separation also provide information that is commonly used by structural geologists to associate these sparse pieces of fault evidence (Barnett et al. 1987; Boult and Freeman 2007; Dee et al. 2005) . All these observations can be obtained during fieldwork or may be extracted (manually or automatically) from reflection seismic data (Hale 2013; Lacaze et al. 2016; Wu and Zhu 2017 of three-dimensional pieces of the fault surface. Even if such a surface is composed of several (sometimes hundreds of) three-dimensional points, these points are interpreted as belonging to the same fault, and are referred to in this article as one piece of evidence.
Mathematical Formalism: Graphs and Cliques
The previously described fault evidence is represented as the labeled nodes of a graph (Fig. 1d) . The labels can be used to store information about the fault observations such as the orientation or apparent orientation, the fault separation, or the number of geometric points comprising the piece of fault evidence. For example, the graph nodes in Fig. 1 are labeled according to the apparent dip of the interpreted faults (red for east-dipping or blue for west-dipping). The graph edges indicate that pieces of fault evidence are associated into the same fault object; in this formalism, each fault is a set of connected nodes (Fig. 1e ). More formally, let V obs = {v i=1,n } be a set of n pieces of fault evidence (v i ). Structural interpretation calls for associating these n pieces of evidence into fault surfaces k (k ≤ n). Each possible interpretation can be represented by an association graph G asso = {V obs , E}. In this graph, two nodes (representing two pieces of fault evidence) are linked by an edge e i j ∈ E if they have been interpreted as belonging to the same fault. The aim of the association problem is to define clusters (or subsets) of observations belonging to the same fault F f ⊆ V obs , where f is a fault index. In this case, the graph G asso must honor the following conditions: (ii) F f is a clique (a subset of nodes that are all mutually adjacent, Fig. 3b ). This means that if F a and F b belong to the same fault, and F b and F c belong to the same fault, then F a and F c are also interpreted as belonging to the same fault. (iii) F f i ∩ F f j = ∅ for all possible faults f i and f j , f i = f j : a piece of evidence cannot belong to several faults. Indeed, in general, branch points and branch lines are seldom directly observed in geoscience data (Yielding 2016) . Notations and associated definitions are summarized in Table 1 .
Combinatorial Analysis of the Association Problem
The number of ways to partition a set of n pieces of fault evidence into k non-empty faults is given by the Stirling number of the second kind S(n, k) (Graham et al. 1994) . S(n, k) satisfies the relation of recurrence
with initial conditions The number of partitions of a set of n pieces of fault evidence into any number of faults is given by the Bell number
All these B n association scenarios can theoretically be listed using the set partition algorithm available in Knuth (2005) . However, when the number of nodes exceeds two magnitudes, this method becomes computationally prohibitive with standard computer hardware ( Table 2 ). The proposed method aims at interpreting a minimal set of faults, in the sense that each interpreted fault needs to be supported by at least one single piece of evidence. This formalism does not account for the pathological case of no interpretation which may occur, for example, when working with noisy seismic data. Furthermore, the fault abutting relationships are not handled in this formalism. Nonetheless, the Bell number values show the difficulty in sampling the uncertainty space while studying the fault evidence association problem.
Geological Interpretation Rules to Reduce the Number of Possible Scenarios
Geological rules are essential to structural interpretation. For example, they are used to check the consistency of structural interpretations (Freeman et al. 1990 (Freeman et al. , 2010 . In the frame of Bayesian inversion, global rules may be used to assess the likelihood of geomodels with regard to some particular criterion (de la Varga and Wellmann 2016). In the graph formalism described in this paper, the rules are generative, in the sense that they drive the emerging model features rather than assessing a particular model. Concretely, these rules carry the likelihoods that disjoint pieces of fault evidence belong to the same fault, and they eliminate sets of edges in the graph of all possible associations and reduce the size of the search space. These numerical rules make it possible to focus on the most likely scenarios, and enable the creation of several realistic fault networks compatible with geological understanding. Integrating geological knowledge during structural interpretation can also shorten the time-consuming loop between structural interpretation, modeling, and validation (Caumon et al. 2013) , and assist the generation of a set of prior models which can then be used within an inverse framework involving more elaborate likelihood evaluations (Cherpeau et al. 2012) .
Within a fault network, faults are organized into families that have similar geometric parameters (Henza et al. 2011; Nixon et al. 2011) . These families are often associated with different structural tectonic events. As in previously proposed methodologies (Cherpeau et al. 2010 (Cherpeau et al. , 2012 , the proposed framework enables one to account for the chronology of events by interpreting faults in a given order. It might thus be interesting either to start with older faults that restrict the growth of later faults, or to start with younger faults when these cross-cut the older ones. Because a structural interpretation depends on the considered tectonic context, one can define numerical rules indicating to which fault family each piece of fault evidence may belong (family rules). Rules to identify associations in a given fault family (association rules) are also required.
A family rule R fam ϕ (v i ) quantifies the likelihood that a piece of fault evidence v i belongs to a given family (ϕ). Such a rule returns a number between 0 (v i cannot belong to the fault family ϕ) and 1 (it is highly likely that v i belongs to the fault family ϕ). Family rules are defined from both the available structural data and prior regional information such as outcropping analogs or regional tectonic data (Aydin and Caers 2017; Cherpeau and Caumon 2015) . In practice, such rules can use the apparent orientation of an interpreted fault or the structural style of a fault (normal or reverse) represented as node labels.
Association rules define the likelihood that two pieces of fault evidence of the same family belong to the same fault. An association rule R assoc ϕ (v i ↔ v j ) returns a number between 0 (v i and v j cannot belong to the same fault of the family ϕ) and 1 (it is likely that the two pieces of fault evidence belong to the same fault). Two basic examples are presented below, but more elaborate rules considering two pieces of fault evidence have been proposed using the distance and the orientation (Cherpeau and Caumon 2015) , the throw gradient (Barnett et al. 1987; Cherpeau and Caumon 2015; Freeman et al. 1990 ), or the estimated strain (Freeman et al. 2010) . 
In this framework, the edges where L all ϕ (v i ↔ v j ) = 0 are removed from the graph G all ϕ of all the possible associations for each family ϕ, so that the corresponding associations will not be considered later on.
Examples of Association Rules R assoc ϕ
As a first simple example, a likelihood R dist that two pieces of evidence v i and v j (separated by a distance d i j ) belong to the same fault is proposed
where min dist and max dist correspond to the bounds of the considered prior fault size distribution (Fig. 4) . As another example, an orientation rule R orientation gives the likelihood that two pieces of evidence v i and v j belong to the same fault plane whose orientation is defined by the unit normal vector n ϕ . The normalized vector between the barycenters of v i and v j is denoted l i j . This rule is parameterized by the unit normal vector to the mean fault plane n ϕ and a tolerance angle α tol (Fig. 5 ). This likelihood is computed using
If each piece of evidence is composed of several points (for example, the observation is a fault trace), it is convenient to define R orientation using the minimum value computed from each pair of points. More generally, a wide range of alternative association rules could be defined, for example with different angular tolerances in the dip and strike directions, using Fisher-Bingham angular distributions (Carmichael and Ailleres 2016; Kent 1982) , accounting for a maximum throw gradient, or accounting for the scaling laws describing fault length distributions studied, for example, in Bonnet et al. (2001) and Torabi and Berg (2011) .
An interpretation rule R mix can also be defined by combining several simple rules. For example, one may want to account for the distance separating the observations and for their relative orientation, using two dedicated rules R fam dist and R fam orient . This can be done by considering that both rules should be respected altogether as
or that both rules apply independently 
Definition of Geological Rules According to the Context
There is a large set of geological rules that can be used during structural interpretation.
In the previous works of Cherpeau and Caumon (2015) and Aydin and Caers (2017) , the rules used during stochastic fault modeling were related to the three-dimensional modeling algorithm. In both case studies presented, the distribution of fault orientations was assumed to be stationary for a given fault family. However, this hypothesis is not respected for a normal faulting event related to active salt diapirism; in this case, faults form a radial pattern (Davison et al. 2000; Yin et al. 2009 ). In the proposed framework, new interpretation rules can be added according to the context, for example to account for the non-stationarity of the orientations of radial faults (Fig. 6) . A new rule R radial is proposed as
where n close and l dist are the respective unit vectors from the center of the diapir to the closest evidence, and from this observation to the second one (Fig. 6b) . α tol is a tolerance angle.
Detecting Major Structures with the Bron-Kerbosch Algorithm
The graph G all ϕ proposes an abstract view of all possible faults for a given family and offers a way to screen an existing interpretation with a set of numerical geological rules. The graph can also be used to quickly screen for pairwise associations that are impossible or highly unlikely. Nonetheless, the number of interpretation scenarios (7) respecting these rules (the number of decompositions of G all ϕ into non-overlapping cliques) is generally too large to list all possible scenarios, even in the case of small and sparse graphs (Fig. 7a) .
Alternatively, one may want to generate some possible structural scenarios by processing this graph. For this, a parsimonious strategy is to detect all the major possible structures for each fault family. In the graph G all ϕ , these major structures are represented by maximal cliques. Indeed, a clique is maximal when no other node can be added, while preserving its complete connectivity (Fig. 3c) . Maximal cliques may therefore be used to identify significantly different structural scenarios. In practice, an area of high interpretation uncertainty may exist where a node belongs to several cliques; in this area, several interpretations can be proposed. To sample the uncertainty arising from the potential fault segmentation, the main structures are then divided into one or several fault segments, possibly separated by relay zones. Such a downscaling process can rely on the geometry of the fault surfaces (Julio et al. 2015a, b) or on displacement analysis (Manighetti et al. 2009 (Manighetti et al. , 2015 .
The Bron-Kerbosch (Bron and Kerbosch 1973) algorithm finds all maximal cliques from an input graph. Other maximal clique detection algorithms have theoretically better run times, but the Bron-Kerbosch algorithm is frequently reported as being more efficient in practice for sparse graphs (Cazals and Karande 2008; Tomita et al. number of edges maximum number of edges ). It remains acceptable for sparse graphs with fewer than 1000 nodes (Fig. 7b) .
In the case of a three-dimensional seismic acquisition, dealing with more than 1000 points during fault interpretation is common. However, the interpreter usually knows that several of these points explain the same fault, for example by interpreting on both vertical sections and time slices. These points can then be considered as one node in the graph representation, thus reducing the combinatorial size of the problem. Figure 8 shows an example of such detection on data interpreted along twodimensional seismic lines located offshore Morocco. Two families of normal faults (in red and in blue, Fig. 8a ) have been interpreted by Walter (2016) using the apparent dip orientation of the faults. For each family, the graph of all possible associations (G all ϕ ) is built using an orientation rule [Eq. (6) and Fig. 8b, c] . Some of the possible largest faults extracted using the Bron-Kerbosch algorithm are shown in Fig. 8d , e.
Discussion and Way Forward
This contribution presents a lightweight graph-based framework to associate the interpreted fault evidence during structural interpretation. The methodology is parameterized by geological rules that quickly identify association scenarios. The authors argue that using numerical interpretation rules makes geological interpretation reproducible and makes interpretation choices explicit. These rules can also be used to analyze existing expert-based interpretations.
The combinatorial complexity of the association problem makes the complete exploration of structural interpretation very difficult, and entails very large uncertainties unless strict interpretation rules can be found. The major possible structures can The corresponding graph nodes are colored using a family rule relying on dip orientation. G all ϕ for (b) the south-dipping and (c) the north-dipping fault families using an orientation rule defined from a close onshore analog. d, e Example of possible maximal structures detected using the Bron-Kerbosch algorithm be detected using the Bron-Kerbosch algorithm, a maximal clique detection method. These major structures can be seen as important alternative scenarios when trying to generate several fault network models to assess structural uncertainty.
Geological Rules
The proposed graph abstraction makes it possible to define and test various geometric and kinematic rules to guide structural interpretation across a wide range of contexts. For example, the relationship and the scaling laws between the fault length and the throw gradient could be considered (Gillespie et al. 1992; Torabi and Berg 2011) . In the presence of reliable analog databases, machine learning could probably be used to determine the rules. More generally, further studies are clearly needed to define new rules and to test how they can capture interpretative concepts in various geological concepts. The graph formalism presented here already opens the way to discussing the appropriateness of various interpretation rules, or ranges of rule parameters, by analyzing possible outcomes.
Fault Evidence Uncertainty
In this paper, the uncertainty associated with the acquisition of fault evidence has not been considered. In the case of geometric uncertainty about a piece of fault evidence (Thore et al. 2002; Wellmann et al. 2010) , specific rules should be designed, reflecting for instance the uncertainty on fault position or orientation. If the existence of a fault at the location of a given piece of evidence is uncertain, a probability of existence could be integrated within this framework. Such a probability may be determined by experts or by processing seismic attributes (Hale 2013; Wu and Hale 2016) . The graph G asso can be built by defining a family gathering the erroneous pieces of fault evidence.
Geological Rules Considering Multi-Point Costs and Conditional Likelihoods
At this point, the interpretation rules only consider pairwise associations of observations and do not consider the multi-point likelihood of associating more than pieces of evidence at once. Multi-point rules could consider the throw distribution on the fault surface (Freeman et al. 1990 ) and could further reduce the number of possible scenarios. The association likelihoods should also be revised during the interpretation to capture the fact that crossing faults at a large scale are unlikely (Schneeberger et al. 2017) . The conditional likelihood of associating two pieces of evidence, knowing that two other pieces of evidence belong to the same fault, has not yet been considered. Accounting for fault hierarchy (and thus for already interpreted major faults) is another potential future work, as it may reduce the number of graph edges and may introduce disconnected subgraphs. This has great potential not only to better reflect the process of interpretation by experts, but also to significantly reduce the combinatorial complexity of the association problem.
From Graph Representations to Three-Dimensional Structural Models
The mathematical formalism proposed in this paper focuses on the association of sparse pieces of fault evidence. Moving toward a more comprehensive description of the data interpretation topology is necessary in order to handle the interactions between faults. A second oriented graph could be used to represent the branch lines. Once associations of fault evidence have been defined, fault geometries should be modeled. Implicit or explicit fault surfaces can be interpolated to obtain a fault network in which horizon surfaces are built. Potential future work involves automating the modeling process and propagating uncertainties to structural mapping, waste disposal, seismic hazard assessment, and mining or hydrocarbon production forecasts.
Stochastic Fault Interpretation and Scenario Clustering
Even though the use of appropriate rules significantly increases the chance of finding the correct association from sparse data, it is unlikely that a single interpretation is correct. Therefore, the authors strongly advocate the use of stochastic interpretation to test scenarios and assess structural uncertainties. The data structure presented here can be used in the early stage of stochastic modeling, prior to building three-dimensional structural models, to assess uncertainties arising from fault segmentation using geometric (Julio et al. 2015a, b) or kinematic (Manighetti et al. 2009 (Manighetti et al. , 2015 criteria. However, the graph clustering methods proposed in the literature are deterministic and provide only one graph decomposition; see Schaeffer (2007) for a review. A preliminary stochastic method generating several decompositions of non-oriented weighted graphs into non-overlapping cliques is proposed by Godefroy (2018) . In the presence of several scenarios, interpreted by experts, the proposed graph framework also clears the way to scenario clustering, for example using graph edit distances.
It is important to mention that the focus in this paper is on interpreting a minimal set of faults, in the sense that all faults provided by the proposed method are supported by at least one piece of fault evidence. Point processes could be used as complement to generate faults not directly supported by observations (Aydin and Caers 2017; Bonneau et al. 2016; Cherpeau et al. 2010; Davy et al. 2013; Holden et al. 2003) .
